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Tém tat

Trong bai bao nay, chung téi nghién ctru tich chap suy réng lién quan dén phép bién ddi Fourier, phép
bién dbi Laplace, dang thirc nhan t&r hda cé chiva hai phép bién dbi tich phan khac nhau. Thiét lap duwgc
cac dang thirc nhan t& hoa, dang thire kidu Parseval va mét s danh gia chuan trong cac khong gian ham
cu thé, sir dung trong phan giai tin hiéu x& ly théng tin (xem [2]).

Tor khéa: Bién déi Fourier; bién déi Laplace; dang thirc parseval: tich chap suy rong.
Abstract

In this paper, we research generalized convolution related to the Fourier transformation and the Laplace
transformation, the factorization equality contains two different integral transformations. Establish the
factorization equalitys, Parseval type equalitys and some standard evaluations in specifically function
spaces, used in multiresolution analysis information handling (see [2]).
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1. GIO1 THIEU

Tich chap la mét phép nhén dac biét dwgc dinh
nghta théng qua phép bién dbi tich phan twong
trng, thwdng dwoc dua vao trong cac khéng gian
ham ma & d6 phép nhan théng thwdng khong ton
tai. Nam 1951, Sneddon I.N. xdy dwng tich chap
ddi voi phép bién ddi Fourier. Nhirng tich chap
dau tién phai k& dén 1a tich chap Fourier va tich
chap Laplace. Sy ra d&i cla tich chap da mé ra
trién vong phat trién thém hwéng nghién ctru vé
ly thuyét tich chap. Cho dén nay cac phép bién
ddi tich phan kiéu tich chap suy réng Fourier va
Laplace van chwa duoc nghién ciru nhiéu. Viéc
nghién ctru céac tich chap va cac phép bién ddi tich
phan c6 y nghia quan trong trong nhiéu linh vuc
khoa hoc va ky thuat. Nh& do, cac phép toan gidi
tich phire tap dwge don gidn héa thanh phép tinh
dai sb. Vi vay, noé dic biét htru ich trong viéc giai
cac bai toan trong ly thuyét mach, bai toan xt ly
hinh &nh va xt ly tin hiéu truyén théng.

Trong bai bao nay, ching t6i xay dwng mét sé tich
chap suy réng lién quan dén phép bién dbi tich
phan Fourier cosine va Laplace. Nghién clru cac
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tinh chét toan ttr clia cac tich chap suy rong trong
mot s6 khong gian ham cu thé, st dung trong phan
gidi tin hiéu xt ly thong tin.
2. TICH CHAP SUY RONG

Trong bai viét nay, ching téi st dung cac khéng
gian ham sau day:
Ry ={x € R, x > 0}.

Cho L,(R,),1 < p < la khong gian cac ham
s f xac dinh trén R, sao cho.

f [f(x)|Pdx < +o0
0

Trong doé chuan cta ham f duoc ky hiéu va xac
dinh béi:
1/p

||f”Lp(R+) = f |f () |Pdx
0

Cho Ly(Ry,p),p>0,1<p <o la khéng gian cac
ham sé f xac dinh trén R, sao cho:

f QPP dx < +oo
0
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Trong dé chuén clia ham £ dwoc ky hiéu va xac
dinh bdi:
1/p

Illyae = | [ ORI
0

Pac biét, khi p(x) =x"e" thita nhan dwoc khdng
gian ham hai tham sé a, 8 va ki hiéu L‘:"ﬁ (R,).

Cho Lo (R,) la khong gian cac ham sbé f xac
dinh trén R, sao cho:

sup |[f(x)] < +o0
XE]R+

Trong d6 chuén cta ham f dwoc ky hiéu va xac
dinh boi:
||f”L°°(R+) = sup |f(x)].

XER4
Cho Cy(R,) la khdng gian cac ham sé lién tuc
trén R, va triét tiéu & oo.
H(R,) = {f(): (L) € L(Ry)}

L |a phép bién dbi Laplace.
AN = [ fGedx Rey > 0
0

F_la phép bién ddi Fourier cosine.

FNHW) = \/%f f(x)cosxydx, y > 0.
0

Sau day, ta dwa ra khai niém tich chap cla hai
ham kha tich trén IR nhdm x&c dinh quy téc l4y tich
chép gitra ching.

Dinh nghia 1 ([3])

Cho f, k la cac ham kha tich dia phwong trén IR.

Néu tich phan ff(x —y)k(y) dy xac dinh voi
R

hau hét x € R (nghia la tap cac giatri x € R gé

tich phan trén khong tén tai 1a tap cé d6 do khong)
va ham kha tich dia phwong trén R bién x thanh

jf(x —y)k(y)dy duwoc goi la tich chap cua
R

ham fva ham &, ky hiéu 1a 1 * k.

Nhw vay

(F * 1)) = f F&x = k() dy
R

- f FOICx—y) dy.
R

Ta goi / * k la tich chap cdia ham f'va ham &.

Tiép theo, ta dwa ra khai niém tich chap suy réng
v6i hai phép bién dbi tich phan Fourier cosine va
Laplace.

Pinh ngha 2 ([1])

Tich chap suy rong cla hai ham f'va k déi voi hai
phép bién dbi tich phan Fourier cosine va Laplace
dwoc dinh nghia nhw sau:

1 [ee]
(f 100 = — f f 6(x,u,v) f Wk (v)dudv (1)
0
0

Trong do:

v + v
vi+(x—-w? v2+(x+u)?’
Ta goi A, la khong gian anh cla L,(R,) théng qua
phép bién dbi Fourier cosine F,.V&i chuén
(2 P T P
Thi khéng gian d6 la mét dai sé Bannach, nghia la
néu f(x), k (x) EA thi f (x).k (x) EA,

Va thda mén
f klla, < Nflla Mkl g,
Pinh nghia 3 ([2])

0(x,u,v) = x>0 (2)

Tich chap suy rong voi ham y(y)=e™,(u>0)
cta hai ham fva k d6i v&i hai phép bién dbi tich
phan Fourier cosine va Laplace dwgc dinh nghia
nhu sau:

¢

Fek) () = % f f 0(x, v + 1) f(Wk©)dudv (3)
0

0

Trong do:

v v
v? +(x—u)2+v2+(x+u)2'
Dinh ly sau day cho ta sy tdn tai ctia cac tich chap
va dang th&c nhan t& hoa cua tich chap trong cac
khéng gian ham twong rng.
binh 1y 1 ([1])

Choham f € L,(Ry), k € Ly(R,)

0(x,u,v) = x> 0.

Trong do ISp,qgoo,l+lZI. Thi tich chap
P 9
frke€L(Ry)-
O day l=l+l—1.
r-p 9
Déng thoi, ta cé danh gia:

7l <[, 1K,
Binh 1y 2 ([2])

Gia str cac ham f{x) va k(x) thuéc khong gian
L,(R,)- Khi do, ta co (f *k) (x) € 4_ va théa man
déng thire kiéu Parseval.

70 | Tap chi Nghién ctru khoa hoc, Trudng Pai hoc Sao Do, ISSN 1859-4190, S6 4 (71) 2020



(f x k) (x) = E[(FN) () (L) ()] (x), vx > 0(4)
Hon ni¥a, ta cling nhan duwoc dang thire nhan i hoa.
F(f xk)(x) = (FHOLK) ), Vy >0 ©)
Nhan xét 1

Ta dé thay rang L, (R;) € H(R,). Trong mét sé
trwdng hop, viéc nghién ctru tich chap (f *k) co thé
dwoc nhing lien tuc vao H(R,).

Giastrcacham f(x) € L,(R,) va k(x) € H(R,)

sao cho tich phan.
[ee]

1 o]
(FrR() =~ f [ 0w mrakw
0

Hoi tu nhw tich phoén l&p. Vi du, tich chap (f *k) tdn
tai nhw tich phan lap véi:

k(x) = cosx & L,(R,)

Thi k(x) € H (R}) khi d6

(L) = 257 € La(R,)

Hon nira, ta c6 danh gia

IFLFE LR DT,

2

< E||(Fcf)(}’)(Lk)(J’)||L1(R+)
2

< E”(Fcf)”LZ(IR+)”(Lk)“L2(IR+)

2
= [l @) ILOIL,®,)

< \/E”f”LZ(R+)||k||L2(R+)'
Két qua ctia Binh ly 2 van dung véi gia thiét nay.
Dé nghién ctvu tich chap (f * k) trong khéng gian
ham L, (R,) ta xét dinh ly sau.
DPinh ly 3 ([4])
Néu k(x) thudc khong gian L, (R ), khi d6

(Lk)(y) € A4,

Binh ly 3 Ia cdng cu quan trong giup ta chirng minh
tich chap (f * k) thudc khong gian ham L, (R, )va
trong khéng gian twong ng cac déng thirc kidu
Parseval va déng thirc nhan t&r héa van con dung.
binh ly 4 ([2])

Gia st rdng ham f{x) va k(x) thuéc khéng gian
L (R,).Khi do déi voi tich chap (f *k) (x) théa man
dang thire kiéu Parseval.

NGANH TOAN HOC

(f * ) (x) = ELEN O (L (3)](x), Vx> 0.
Ta cling nhan dwoc déng thirc nhan tl hda sau:
F(f *k)(x) = (F/)()(Lk)(y),Vy > 0.
Hon nira:

(f *k)(x) € L1(Ry).

Viéc chirng minh déng thie kiéu Parseval (4) va
déng thirc nhan t héa (5) la dwoc suy ra tw
Dinh ly 2.

Néu k(x) thudc khéng gian L, (R,),thi t& Dinh Iy 3
ta co:

(LK) EA,
T diéu kién f{x) thudc khéng gian L,(R,), thi ta
cling nhan dugc:

FHO)EA,

Vi 4_la mét dai s6 Banach, suy ra:

(f * )() € Li(R). )
Binh ly sau cho ta sy tdn tai cua tich chap (f * k)

trong khong gian ham L, (R, ) va dang thirc nhan
tlr hoa cla tich chap.

Pinh ly 5 ([4])
Gia st f{x) va k(x) 1a hai ham thudc khong gian
L,(R,).Khi do, tich chéap suy rong (f I,}: k) x)

thugc khong gian L (R,) thda man bét dang
thiec chuén:

n
k < k

(7 ’) ] Y 4 PR L PR o

Va Céudéng thirc nhan t& hoa

E(f2k) 0) = e PIENOIEOMLYY >0

Ngoai ra, tich chép suy rong (ff:k) (x) cing
thudc khéng gian C,(R,).

3. TICH CHAP SUY RONG FOURIER COSINE -
LAPLACE

Ngoai khéng gian ham L,(R,), ching ta co thé
mé& rdng viéc nghién clru tich chap f f: k trong
khong gian ham L"r"b (R,). Ta chirng minh sy tén

tai clia tich chap va danh gia bat dang thirc chun
trong khoéng gian ham tuwong ng qua b dé sau.

B6 dé1

Giastrp>1,r=1,0<p<1cacham f(x) € Lp(]R_,_)

va k(x) € L;(R,). Khi d, tich chap suy rong
u

(f * k) (x) tén tai, lién tuc va thuéc khéng gian

[ (R,). Hon nira, ta c6 bat dang thirc chuén sau:

”(f : k) () S Ol MKl e 8)

a,
Lr B(R+
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Trong do
a+l 1

1/p

= (—) BT (a+1)

o
voi T 1a ham Gamma. Ngoai ra, néu
f(x) € L,(Ry) N Ly(R,) thitich chap suy réng
(ff: k) (x) thuéc khong gianCy(R,),va théa mén
déng thirc nhan t& hoa:

u
F(f k) 5) = e P [(EHGILOG], Yy > 0.
Chtrng minh
Ap dung bét d&ng thirc Holder cho:
j|0(x,z¢,v+,u)|dx =

St 3 o

| V+[l "

(vt u) +(x—u) (v+p) +(x+u)|
< [ [ g
vy +2 (v u) +1

=I v+,;4 dt=r

S (vu) +t
V@i p >1thdéa man i+l=1, ta dwoc:

P q

o

Vp
%l J; |f(u)|p 0(x,u,v+,u)|k(v)|dudv}

Vq
x{.[|k(v)|9(x,u,v+,u)dudv}

IA

1
VA

jl/” ﬁ |f ()’ du]l/p [I|k(v)| dv}

Vp
j "-f"Lp_ J”k”u_.} <%

K R
Vay tich chap suy réng (f * k) (x) tén tai va

lién tuc:

f x%eFx

0
Suy ra tich chap suy rong (f: k) (x) ton tai, lign

2
.
2
b

T

u
(Fer) @ dr<criflr, Ik, o,y

tuc va thudc khong gian L‘j‘b (R,), théa mén béat
déng thire:

() e

LB gy < Clf N rp el wy)-

T cac gia thiét ctia bb dé, va ap dung Binh ly 5, ta
nhan dwoc dang thirc nhan tir hoa.
# -

E(f £ k) ) = e W (RN GO,V > 0.
Két hop bd dé& Riemann-Lebesgue cho phép bién
ddi Fourier cosine, ta co.

u
(F k) () € CRY.
Bb dé dwoc chirng minh.
Dinh ly sau dwa ra cach tiép can mai va phuong
phap gidi phwong trinh vi - tich phan, phwong trinh
dao ham riéng thwérng xuét hién trong bai toan xo
ly anh va x& ly tin hiéu.
Pinh Iy 6
Gidsta>-1,0<p<1,p>1,g>1,r=1,thda
L. f() ELy(R,) va

—+==1. Néu
k(x) € Ly(R,, (1 + x?2)971),thi tich chap suy

man
p

u
réng (f * k) (x) tbn tai, lién tuc, bi chan trong
khong gian 2° (R, ) va c6 danh gia chuan.

(1)

= C||f||LpR+)||k||Lq(R+'(1+xz)q—1)

)

Trong do

c=(u)" (=)™ ﬁ_a%ll"%(aﬂ)

Vé&i T la ham Gamma. Hon niva, néu gia thiét
thém cac ham f(x) € L,(R,) N Ly (Ry) va
k(x) € Li(Ry) N Ly(Ry, (1+x%)971), thi tich
chap suy rong (f f,: k) (x) thuéc khéng gian
C,(R,), vathda mén déng thirc nhan ti hoa (7).
Chirng minh

Ap dung bét déng thirc Hélder cho:

]E|9(x,u,v+y)|dx =
0

]‘ v+ u v+ u |dx
| (v u) +(x—u) (veu) +(x+u)|
sT Lad dt+T YRR
Sviu)y+ L (vrp) 41
=I v+,;¢ dt=r
2 (v+u) +7

1 1
Vé&i p,q>1théa man —+—=1, ta duoc:
P 4
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‘(fikj(x) <

Ip
1 P 1
— a(x,u, ——dud
7Z'|:JJ;|f(u)| (x ! V_'_IU)I-FV2 " V}

1/q

{j k() O (v s ﬂ)(ljvz j dudv]
Ajoraizos]
fongeera]

“ue [ flrtap ae] oo

-1 -1

—r ||f||L,,J R

. /g
1+v dv:|

L, (1f)) < 0.

u X
Vay tich chap suy réng (f * k) (x) ton tai va lién
tuc, ta dat dworc:

(o] T

fx"‘e‘ﬁx (fik) (x)| dx
0
< CTIANL, o KN

Lo(Ry,(14x2)77H

. "
Twr B6 dé suy ra tich chap suy réng(f * k) (x)
ton tai, lién tuc va thudc khoéng gian ham hai tham
sb L‘:'B (R.) va théa man bat dang thirc (9).

(74

< Oy W, gy

THONG TIN VE TAC GIA

r Nguyén Kiéu Hién
nghlen cliru):

| Truong Dai hoc Thai Nguyén.

I'Dai hoc Quéc gia Ha Noi.

NGANH TOAN HOC

Tw céac gia thiét cha dinh ly va ap dung Binh ly 5, ta
nhan dwoc déng thire nhan té hoa (7).

[ o= [ENO0)] w0

Két hop bd d& Riemann-Lebesgue cho phép bién
ddi Fourier cosine, ta nhan duoc.

u
(£ = %) 0 € Co®.
Pinh ly dwoc chirng minh.
4. KET LUAN

Bai viét trinh bay sy tdn tai mot sb tich chap suy
réng lién quan dén phép bién ddi tich phan Fourier
cosine va tich phan Laplace. Dua ra cac tinh chét
toan t&r clia cac tich chap suy réng trong mét sé
khong gian ham cu thé. Ngoai ra con thiét 1ap va
chirng minh cac bat dang thire kiéu Young ddi voi
céc tich chap twong &ng. Tuy nhién, do khudn khé
bai bao, chung t6i khong dé& cap & day.
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